1 Russell and Whitehead

1.1 Definitions

or (AV B) expanded to (A V B)

not (—A) expanded to (—A)

impl ((—A) V B) expanded to ((—-A)V B

and (—=((—A) V (=B))) expanded to (=((—A4) V (-B)))

equ ((A— B) A (B — A)) expanded to (~((~((=A4) V B)) V (~((~B) V 4)))

1.2 Axioms

axioml ((AV A) — A) expanded to ((=(AV A)) vV A)

axiom2 (A — (B V A)) expanded to ((=A) V (BV A))

axiom3 ((AV B) — (B V A)) expanded to ((=(AV B)) vV (B V A))

axiom4 ((AV (BVC(C)) — (BV(AV(C))) expanded to ((=(AV (BVC)))V(BV
(AvC))

axiomb ((A — B) — ((C v A) — (CV B))) expanded to ((—((—=4) V B)) V
(~(CV A) vV (CV B)))

1.3 Theorems

theorem1l: ((a — (—a)) — (—a)) expanded to ((—((—a) V (—a))) V (-a))
1. ((=(AV A))V A) add proposition axioml
2. ((=((=a) V (—a))) V (—a)) substitute A with (—a) in 1

theorem?2: (a — (a Vb)) expanded to ((—a)V (a Vb))
1. (5((mA) v B)) V ((=(CV A)) v (CV B))) add proposition axiom5
2. (5((mA) V(aVvd))V((—(CVA)YV(CV(aVD)))) substitute B with (a VD)

in 1

i(} ()( S((mA) V (a Vb))V ((=((ma) vV A)) V ((-a) V (a VD)))) substitute C with
—a) in 2

4. (=((=(bVva))V(aVvd))V((=((ma) V(bVa)))V((—a)V (aVb)))) substitute

A with (bVa)in 3

5. ((m(AV B)) V(B V A)) add proposition axiom3

6. ((=(bV B))V (B VD)) substitute A with b in 5

7. (=(bVa))V(aVb)) substitute B with a in 6

8. ((=((ma) V (bVa)))V ((—a)V (aVDb))) modus ponens 4 and 7

9. ((mA) v (B V A)) add proposition axiom?2

10. ((—a) V (B V a)) substitute A with a in 9

11. ((—a) V (b V a)) substitute B with b in 10

12. ((—a) V (a V b)) modus ponens 8 and 11

13. ((—a) V (a V b)) initial proposition

theorem3: (a — (aV a)) expanded to ((—a)V (aV a))
1. ((mA4) vV (B V A)) add proposition axiom2
2. ((—a) V (B V a)) substitute A with a in 1



3. ((ma) V (a V a)) substitute B with a in 2

theoremd: (a — (—(—a))) expanded to ((—a) V (=(—a)))
1. (=((mA) Vv B))V ((=(CV A))V(CV B))) add proposition axiom5

%. (((—)|§(—|Al) V (=(=a)))) V (=(C Vv A)) v (CV (=(—a))))) substitute B with

3 (A )V (v 4DV (o) (o)) st © it

4 ((=((=((=(=a) V (=(=a))) V (=(=a)) V (= ((=a) V ((=(=a)) V (=(=a)))) V

((—a) V (—=(—a))))) substitute A with ((=(-a)) V (=(—-a))) in 3

5. ((m(AV A)) v A) add proposition axioml

6. ((=((=(=a)) V (=(=a)))) V (=(—a))) substitute A with (=(—a)) in 5

7. ((=((=a) vV ((=(=a)) V (=(=a))))) V ((=a) V (=(=a)))) modus ponens 4 and 6

8. ((m(Av(BVC()))V(BV(AVC())) add proposition axiom4

Z. (=((=(ma)) vV (BVO)))V(BV((=(-a)) v(C))) substitute A with (—=(—a)) in

'10.9((—|((—|(—\a)) V((ma)vC)))V ((ma) V ((=(=a)) v C))) substitute B with (—a)

11 ((=((=(=a)) V ((=a) V (=(=a))))) V ((ma) V ((=(=a)) V (=(=a))))) substitute

C with (=(—a)) in 10

12. ((=A) V (A V B)) add proposition theorem2

13. ((=(=a)) V ((—a) vV B)) substitute A with (—a) in 12

14. ((=(=a)) V ((—a) vV ( (—a)))) substitute B with (—(—a)) in 13

15. ((—a) V ((—=(—a)) V (=(—a)))) modus ponens 11 and 14

16. ((—a) V (=(—a))) modus ponens 7 and 15

17. ((—a) V (—(—a))) initial proposition

theoremb5: ((—(aV b)) (—a)) expanded to ((—=(—(aVb)))V (-a))

1. (m(AV B)) Vv (BV A)) add proposition axiom3

2. ((=((—=a) v B)) V (B V (—a))) substitute A with (—a) in 1

2));(%(;&)\/( =(=(aVD)))))V((=(=(aVb)))V(—a))) substitute B with (=(=(aV

4. (-((mA) VvV B)) VvV ((-(CV A) Vv (CV B))) add proposition axiom5

5. ((=((=A) V (=(=(a VD)) V ((=(CV A) V (CV (=(=(aVb)))))) substitute

B with (=(=(aVb))) in 4

% ((ﬂé(ﬁA))\/(;(ﬂ(aVb)))))V((ﬂ((ﬂa)VA))\/((ﬂa)v(ﬁ(ﬁ(aVb)))))) substitute
with (—-a) in

7. (= ((=(a VD)) v (=(=(aVE))))) V (=((ma) v (a VD)) V ((ma) V (= (=(a VD))

substitute A with (e Vv b) in 6

8. ((=A4) Vv (=(—A))) add proposition theorem4

9. ((=(a Vb))V (=(=(aVb)))) substitute A with (a Vb) in 8

10. ((=((=a) V (a Vb)) V ((—ma) V (=(=(a V)))))) modus ponens 7 and 9

11. ((=A) V (A V B)) add proposition theorem?2

12. ((—a) V (a V B)) substitute A with a in 11

13. ((—a) V (a V b)) substitute B with b in 12

14. ((—a) V (=(=(a V b)))) modus ponens 10 and 13

15. ((=(=(a VvV b))) V (—a)) modus ponens 3 and 14

16. ((=(—(a Vv b))) V (—a)) initial proposition



2 Hilbert and Ackermann

2.1 Definitions

or (AV B) expanded to (A V B)

not (—A) expanded to (—A)

impl ((—A) V B) expanded to ((—-A)V B

and (—=((—A) V (=B))) expanded to (=((—A4) V (-B)))

equ ((A— B) A (B — A)) expanded to (~((~((=A4) V B)) V (~((~B) V 4)))

2.2 Axioms

axioml ((AV A) — A) expanded to ((=(AV A)) vV A)

axiom?2 (A — (A V B)) expanded to ((=A) V (AV B))

axiom3 ((AV B) — (B V A)) expanded to ((=(AV B)) V (B V A))

axiom4 ((A — B) — ((C vV A) — (CV B))) expanded to ((—((—=4) V B)) V
(<(CV AV (CV B)))

2.3 Theorems

theoreml: ((a — b) — ((c

(=((=¢) V a)) V ((=c) Vb))

(=((mA) Vv B)) V ((=(CV A)) v (CV B))) add proposition axiom4
((=((ma) vV B)) V((=(C Va))V(CV B))) substitute A with ain 1
((=((ma) Vb)) V ((=(C Va)) V(CVD))) substitute B with b in 2

((=((=a) Vb)) V ((=((=c) Va)) V ((—c) V b))) substitute C with (—¢) in 3

rem2: (a — a) expanded to ((—a) V a)
(=(C'Vv A)) Vv (CV B))) add proposition axiom4
=(C'V A))V (CV a))) substitute B with a in 1
=((ma) V A)) V ((—a) V a))) substitute C with (—a) in 2
a)) V ((=((—a) V (a V a))) V ((—a) V a))) substitute A with

( — a) — (¢ — b)) expanded to ((—=((—a) Vb))V
1.
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4.
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) add proposition axiom1l
substitute A with ain 5
—a)V a))) V ((—a) V a)) modus ponens 4 and 6
(ﬂA) V (A V B)) add proposition axiom2
V B)) substitute A with a in 8
aV a)) substitute B with a in 9
) modus ponens 7 and 10
) initial proposition
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theorem3: ((—a)V a) expanded to ((—a) V a)
1. ((-A) vV A) add proposition theorem?2
2. ((—a) V a) substitute A with ain 1

theoremd: (aV (—a)) expanded to (aV (—a))
1. (7(AV B)) Vv (BV A)) add proposition axiom3



. (=((ma) V B)) V (B V (—a))) substitute A with (—a) in 1
. (=((ma) Va)) V (aV (—a))) substitute B with a in 2
((-A) v A) add proposition theorem2

((—a) V a) substitute A with a in 4

(a V (—a)) modus ponens 3 and 5

(aV(

—a)) initial proposition

N O N

theoremb: (a — (—(—a))) expanded to ((—a) V (—(—a)))
1. (AV (—A)) add proposition theorem4
2. ((=a) V (=(—a))) substitute A with (-a) in 1
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— a) expanded to ((—(—(—a))) V a)

A)) add proposition axiom3

) substitute A with a in 1

V ((=(=(=a))) V a)) substitute B with (=(=(—a))) in 2
(CVv A))V(CV B))) add proposition axiom4
(=a)))))V((=(CVA))V(CV(=(=(—a)))))) substitute B with
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13.
14, ((~(
15. ((~(

(

(=(=(—a)))) modus ponens 10 and 12
—(—a))) V a) modus ponens 3 and 13
(—a))) V a) initial proposition

)V (CV B))) add proposition axiom4
)V(ﬂa)))Vf(ﬂ«7VfU)V(C7V(P%ﬂ®)V(ﬁa»)ﬂSub-
\Y i
)

)V (=((=((=a) Vb)) v A)) V ((=((ma) V b)) V
=((—a) Vb)) in 2

=(=0)))) V ((=(=0)) V (=a)))) V ((=((=((=a) V b)) V ((ma) V

W((=((ma) Vb))V ((—=(=d))V(—a))))) substitute A with ((—a)V(=(-d)))

-(AV B))V (BV A)) add proposition axiom3
V (B V (—a))) substitute A with (—a) in 5
(=(=0)))) V ((=(—=d)) V (—a))) substitute B with (—=(=b)) in 6
) ))ﬁ((ﬁa)V(‘%ﬁbD)D‘V(Fﬂ(ﬁa)Vlﬁ)V((ﬁC*O)V(ﬁaD))

9. (7((mA)VB)V((-(CVA))V(CV B))) add proposition axiom4
1 =((=b) vV B)) vV ((=(C Vb))V (CV B))) substitute A with b in 9
(=0)V (= (=b))N)V((=(CVD))V(CV(~(—d))))) substitute B with (—(—b))



12. (.ﬁ(gﬂb) V (=(=0))) V ((=((=a) V) V ((=a) V (=(=b))))) substitute C with

13. (A V (—A4)) add proposition theorem4

14. ((=b) V (=(—d))) substitute A with (—b) in 13

15. ((=((=a) V b)) V ((—a) V (=(=b)))) modus ponens 12 and 14

16. ((=((—a) Vb)) V ((=(=d)) V (—a))) modus ponens 8 and 15

17. ((=((=a) Vb)) V ((=(=d)) V (—a))) initial proposition

theorem8: (a — (bV a)) expanded to ((—a)V (bV a))

1. (0((mA) v B)) V ((-(C Vv A))V(CV B))) add proposition axiom4

2. (((mA) v (bVa)))V((=(CVA)YV(CV(bVa)))) substitute B with (bV a)
inl

i(’). ()(ﬁ((;A) V(bVa))V((=((ma) VA)V ((ma) vV (bVa)))) substitute C with
4. (=((=(aVvd) Vv (bVa)))V((=((ma) V(aVd))V((-a)V (bVa)))) substitute
A with (aVb)in 3

5. ((=(AV B))V (BV A)) add proposition axiom3

6. ((=(aV B))V (BVa)) substitute A with a in 5

7. (=(a Vb))V (bVa)) substitute B with b in 6

8. ((=((—a) V (aVb)))V((—a)V (bVa))) modus ponens 4 and 7

9. ((mA4) vV (AV B)) add proposition axiom?2

10. ((—a) V (a V B)) substitute A with a in 9

11. ((—a) V (a V b)) substitute B with b in 10

12. ((—a) V (b V a)) modus ponens 8 and 11

13. ((—a) V (b V a)) initial proposition

theorem9: ((a — (—a)) — (—a)) expanded to ((—=((—a) V (—a))) V (—a))
1. ((=(AV A))V A) add proposition axioml
2. ((=((=a) V (—a))) V (—a)) substitute A with (—a) in 1

theorem10: (a — (a Vb)) expanded to ((—a) V (a Vb))
1. (mA) vV (AV B)) add proposition axiom2

2. ((ma) V (a Vv B)) substitute A with ain 1

3. ((—a) V (a Vb)) substitute B with b in 2

theoreml1: (¢ — (aV a)) expanded to ((—a) V (aV a))
1. (mA) vV (AV B)) add proposition axiom2

2. ((ma) V (a V B)) substitute A with ain 1

3. ((ma) V (a V a)) substitute B with a in 2

theorem12: (a — (—(—a))) expanded to ((—a) V (=(—a)))
1. (AV (—A)) add proposition theorem4
2. ((=a) V (=(—a))) substitute A with (-a) in 1

theorem13: (((—a) — b) — ((—b) — a)) expanded to ((—((—(—a)) Vb))V

((=(=b)) vV a))

(=((=4) 1;3)) v
A

v ((=(CVv A)) Vv (CV B))) add proposition axiom4
(=((=A4) v ((=(=b) (

- a))) V((=(C Vv A)V(CV((=(-b)) Va)))) substitute
ith ((=(=b)) V a) in
=((=A4) v ((=(=b) Va))) (= ((=((=(=a)) VB)) v A) V ((=((=(=a)) Vb)) V

5
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(=(=d)) V a)))) substitute C with (=((=(—a)) v b)) in 2

(=(=0)V (=(=a)))) V (=(=0)) Va) ) V (= ((=((=(=a)) VD)) V (= (=b)) V
V ((=((=(=a)) V b)) V ((=(=b)) V a)))) substitute A with ((=(-b)) V

- V (C'V B))) add proposition axiom4
(=((=(=(=a))) V B)) V ((=(C V (=(—a)))) V (C V B))) substitute A with

QPTG e

) add proposition theorem6
) substitute A with a in 9
=a)))) V ((—=(=b)) V a)) modus ponens 8 and 10

(=(
(=) Vo)V (= (=0))V (=(=a)))))V (= ((=(=a)) VO)V (= (b)) Va)))

— = O

V (=(—a)))) substitute A with (—a) in 13
(=(—a)))) substitute B with b in 14

a)) modus ponens 12 and 15

@)) initial proposition

V (—A))) add proposition theorem?7
)V (—a))) substitute A with a in 1
=((—a) Vb)) V ((=(=bd)) V (—a))) substitute B with b in 2

theorem1s: ((~0) — () — (1= o) expande to (=) () ¥
-0) Va

1. (0((mA) v B))V ((-(C Vv A))V(CV B))) add proposition axiom4

2. (0((mA)V((=b)Va)) VvV ((=(CVA)V(CV((—b)Va)))) substitute B with
((=b)Va)in 1

3. (=((=A) V(=) Va))) V(= ((=((=(=a)) V (=b))) VA) V ((=((—(=a)) vV (=b))) V
((=b) V a)))) substitute C with (=((=(—a)) V (—b))) in 2

4. ((=((=((=b) V (=(=a)))) V ((=b) V a))) V ((=((=((=(=a)) V (b)) V ((=b) V
(=(=a)))))V((=((=(=a)) V(=) V((=b) Va)))) substitute A with ((=b)V(=(=a)))
(=((=A4) v B)) vV ((~(CV A)
((= f(;(ﬁa))) vV B))V ((=

V (C'V B))) add proposition axiom4
CV (=(=a)))) vV (C V B))) substitute A with

—~

( YV ((=(CV (=(—a)))) V(CVa))) substitute B with a in 6
=(=a))) Va)) VvV ((=((=b) V (=(=a)))) V ((—b) V a))) substitute C with

6
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. (=b))) V ((—=b) V a)) modus ponens 12 and 15
17. ((=((=(=a)) V (=b))) V ((—b) V a)) initial proposition
theorem16: ((—(a Vb)) — (—a)) expanded to ((—=(=(aVb)))V (—a))
((=((=A) vV B)) V ((=(=B)) vV (=A))) add proposition theorem?7
((=((—a) v B)) ((=(=B)) V (—a))) substitute A with a in 1
((=((ma) V (a VD))V ((=(=(a VD))V (—a))) substitute B with (¢ V b) in 2
((mA) Vv (A V B)) add proposition axiom2
((ma) V (a Vv B)) substitute A with a in 4
((ma) V (a Vv b)) substitute B with b in 5
((=(=
((=

(=(a Vb))V (—a)) modus ponens 3 and 6
(=(a Vv b))) V (—a)) initial proposition

3 Mendelson

3.1 Definitions

impl (A — B) expanded to (A — B)

not (—A) expanded to (—A)

or ((mA) — B) expanded to ((mA) — B)

and (—(A4 — (—B))) expanded to (~(A — (—B)))

equ ((A — B)A (B — A)) expanded to (-((A — B) — (=(B — A))))

3.2 Axioms

axioml (A — (B — A)) expanded to (A — (B — A))

axiom2 ((A— (B — C)) — ((A— B) — (A — ())) expanded to ((A — (B —
C)) = (A= B) = (4= 0C)))

axiom3 (((-B) — (-4)) — (((#B) — A) — B)) expanded to (((-B) —

(=4)) = ((=B) = 4) — B))

3.3 Theorems

theoreml (((ma) — a) — a) expanded to (((—a) — a) — a)
1. (-B) = (m4)) = ((-B) — ) — B)) add proposition axiom3

2. (((-B) = (—a)) — (((-B) — a) — B)) substitute A with ain 1

3. ((ma) = (ma)) = (((ma) — a) a)) substitute B with a in 2

4. (A— (B—0C))— ((A— B) — (A — (C))) add proposition axiom?2

.5. i(( )— (B—C))— (((ma) — B) — ((—a) — ())) substitute A with (—a)

a% .—>5(B —
a) = ((B = (ma)) = (=a))) = (((ma) = (B — (=a))) = ((ma) —
substitute B with (B — (—a)) in 6
B — A)) add proposition axioml

— (B — (—a))) substitute A with (—-a) in 8

(=a))) — (((ma) — B) — ((~a) — (—a)))) substitute C
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10.
11.
12.

E —a) — ((B — (—a)) — (—a))) substitute B with (B — (—a)) in 9
(
13. (
(
(
(

(

((ma) = (B — (—a))) — ((—a) — (—a))) modus ponens 7 and 10
A — (B — A)) add proposition axiom1

—a) — (B — (—a))) substitute A with (—a) in 12

(
14. ((ma) — (—a)) modus ponens 11 and 13
15. (((ma) — a) — @) modus ponens 3 and 14
16. (((—a) — a) — a) initial proposition

theorem?2: (¢« — (aV a)) expanded to (a — ((—a) — a))
1. (A — (B — A)) add proposition axiom1

2. (a — (B — a)) substitute A with a in 1

3. (a — ((—a) — a)) substitute B with (—a) in 2

4 Kleene

4.1 Definitions

not (—A) expanded to (—A)

or (AV B) expanded to (A V B)

and (A A B) expanded to (A A B)

impl (A — B) expanded to (4 — B)

equ ((A— B)A (B — A)) expanded to ((A — B) A (B — A))

4.2 Axioms

axioml (A — (B — A)) expanded to (A — (B — A))
axiom2 ((A— (B—C)) —» ((A— B) — (A — ())) expanded to ((A — (B —

(
C)) = (A— B) — (A—C))
axiom3 ((AV B) — A) expanded to ((AV B) — A)
axiom4 ((AV B) — B) expanded to ((AV B) — B)
axiomb (A — (B — (A A B))) expanded to (A — (B — (AA B)))
axiom6 (A — (A V B)) expanded to (A — (AV B))
axiom7 (B — (A V B)) expanded to (B — (AV B)
(

)
axiom8 ((A — C) — ((B— C) — ((AV B) — ())) expanded to (4 — C) —
(B—=C)—((AvB)—0)))
axiom9 ((A — B) — ((A — (=B)) — (—A))) expanded to ((A — B) — ((A —

(=B)) — (=4)))
axiom10 ((=(—A4)) — A) expanded to ((=(—A4)) — A)

4.3 Theorems

theoreml: ((a — (—a)) — (—a)) expanded to ((a — (—a)) — (—a))
((A— B) = ((A— (=B)) — (—=A))) add proposition axiom9

((a — B) — ((a — (—B)) — (—a))) substitute A with a in 1

Ega —a) — ((a — (—a)) — (—a))) substitute B with a in 2
((

—_

A— (B—C))— ((A— B)— (A— (C))) add proposition axiom2
—(B—0C)) — ((a = B) — (a — (C))) substitute A with a in 4

Ol W
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6. ((a = (B —a)) — ((a = B) — (a — a))) substitute C with a in 5
7. ((a = ((AVa) = a)) — ((a = (AVa)) — (a — a))) substitute B with
(AVa)in 6
8. (A — (B — A)) add proposition axiom1
9. (a — (B — a)) substitute A with a in 8
10. (a — ((AV a) — a)) substitute B with (AVa)in 9
)

11. ((a — (AVa)) — (a — a)) modus ponens 7 and 10
12. (B — (A V B)) add proposition axiom7
13. (a (A V a)) substitute B with a in 12
14. (a — @) modus ponens 11 and 13
15. ((a — (—a)) — (—a)) modus ponens 3 and 14
((a

16. — (—a)) — (—a)) initial proposition
theorem?2: (a — (a Vb)) expanded to (a — (a Vb))
1. (A — (AV B)) add proposition axiom6

2. (a — (a Vv B)) substitute A with a in 1

3. (a — (a Vv b)) substitute B with b in 2

theorem3: (a — (aVa)) expanded to (a — (aV a))
1. (A — (AV B)) add proposition axiom6

2. (a — (a Vv B)) substitute A with a in 1

3. (a — (a V a)) substitute B with a in 2

5 Rasiowa and Sikorski

5.1 Definitions

not (—A) expanded to (—A)

or (AV B) expanded to (A V B)

and (A A B) expanded to (A A B)

impl (A — B) expanded to (4 — B)

equ ((A— B)A (B — A)) expanded to ((A — B) A (B — A))

5.2 Axioms

axioml ((A — B) — ((B— C) — (A — ())) expanded to (A — B) — ((B —
C) = (A= 0C)))

axiom2 (A — (A V B)) expanded to (A — (AV B))

axiom3 (B — (A V B)) expanded to (B — (A V B))

axiom4 (A — C) — ((B— C) — ((AV B) — ())) expanded to ((A — C) —
(B—C) — ((AV B) - O)))

axiomb ((A A B) — A) expanded to ((AA B) — A)

axiom6 ((A A B) — B) expanded to ((AA B) — B)

axiom7 ((C — A) — ((C — B) — (C — (A A B)))) expanded to ((C — A) —
(C = B)  (C = (AnB))

axiom8 ((A — (B — (C)) — ((AAB) — C)) expanded to (A — (B — C)) —

(
((AAB) = C))



axiom9 (((AAB) — C) — (A — (B — ())) expanded to (((AAB) — C) —
(4— (B—C)))

axiom10 ((AV (—A)) — B) expanded to ((AV (-A)) — B)

axiom1l ((A — (AA(24))) — (=A)) expanded to (A — (AA(A))) — (mA))
axiom12 (A V (-A)) expanded to (A V (—A4))

5.3 Theorems

theoreml: ((a = (—a)) — (—a)) expanded to ((a — (—a)) — (—a))
1. ((AV (=A)) — B) add proposition axiom10
(AV(=A)) — ((a — (—a)) — (—a))) substitute B with ((¢ — (—a)) — (—a))

AV (—A)) add proposition axiom12
(a — (—a)) — (—a)) modus ponens 2 and 3
(a — (—a)) — (—a)) initial proposition

theorem?2: (¢ — (a Vb)) expanded to (a — (a Vb))
1. (A — (AV B)) add proposition axiom2

2. (a — (a Vv B)) substitute A with a in 1

3. (a — (a Vb)) substitute B with b in 2

2. (
inl
3. (
4. (
5. (

Eheor)e);n?): ((a—b) — ((bVe) — (aVe))) expanded to ((a — b) — ((bVe) —
aVc

1. ((AV (mA)) — B) add proposition axiom10

2. (Av(m4) — ((a = b)) = ((bVve) — (aVe))) substitute B with
((a—b)— ((bVe)—(aVe))in 1

3. (AV (—A)) add proposition axiom12

4. ((a = b) = ((bVe) — (aVe)) modus ponens 2 and 3

5. ((a —=b) — ((bVc)— (aVc))) initial proposition

theoremd: (a — (aVa)) expanded to (a — (aV a))
1. (A — (AV B)) add proposition axiom2

2. (a — (aV B)) substitute A with ain 1

3. (a — (a V a)) substitute B with a in 2

theorem5: (a — (—(—a))) expanded to (a — (—(—a)))

1. ((AV (—A)) — B) add proposition axiom10

2. ((AV (=A)) = (a — (—(—a)))) substitute B with (a — (=(—a))) in 1
3. (AV (-A)) add proposition axiom12

4. (a — (=(—a))) modus ponens 2 and 3

5. (a — (—=(—a))) initial proposition

tgl)eoremﬁ: (((ma) = b) — ((-b) — a)) expanded to (((—a) — b) — ((—b) —
1. ((AV (=A)) — B) add proposition axiom10

2. ((AV(—A4)) = (((—a) — b) — ((=b) — a))) substitute B with (((-a) — b) —
(-b) — a)) in 1

3. (AV (-A)) add proposition axiom12

4. (((—a) — b) — ((—b) — a)) modus ponens 2 and 3
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5. (((ma) — b) — ((—=b) — a)) initial proposition

Ehe;))l;emﬂ ((a — b) — ((—=b) — (—a))) expanded to ((a — b) — ((—b) —
1. ((AV (=A)) — B) add proposition axiom10

2. ((AV (=4)) — ((a — b) — ((—b) — (—a)))) substitute B with ((a — b) —
((=b) — (~a))) in 1

3. (AV (—A)) add proposition axiom12

4. ((a — b) — ((=b) — (—a))) modus ponens 2 and 3

5. ((a = b) — ((-b) — (—a))) initial proposition

tl)l)eoremS: (((ma) — (=b)) — (b — a)) expanded to (((—a) — (=b)) — (b —
1. ((AV (-A)) — B) add proposition axiom10

2. ((AV (=4)) — (((—ma) — (b)) — (b — a))) substitute B with (((—a) —
(=b)) — (b—a))in 1

AV (—A)) add proposition axiom12

(ma) — (=b)) — (b — a)) modus ponens 2 and 3

(ma) — (—b)) — (b — a)) initial proposition

theorem9: ((aV(bVe)) — ((aVb)Vc)) expanded to ((aV(bVc)) — ((aVb)Ve))
1. ((AV (—A4)) — B) add proposition axiom10

2. ((Av(=A4)) = ((aVv(bVe)) — ((aVb)Vc))) substitute B with ((aV (bVe)) —
((avb)Vve))inil

3. (AV (=A)) add proposition axiom12

4. ((aVv (bVe)) — ((aVb)Vc)) modus ponens 2 and 3

5. ((aVv (bVe)) — ((aVb)Vc)) initial proposition

theorem10: ((—(aV b)) — (—a)) expanded to ((—(a Vb)) — (—a))
1. ((A— B) — ((-B) — (—A))) add proposition theorem7

2. ( — ((=B) — (—a))) substitute A with a in 1

3. ((a = (aVb)) = ((-(a Vb)) — (—a))) substitute B with (a Vv b) in 2
4. (A — (A V B)) add proposition axiom?2

5. (a — (a V B)) substitute A with a in 4

6. (a — (a Vb)) substitute B with b in 5

7. ((=(a Vb)) — (—a)) modus ponens 3 and 6

8. ((=(a Vb)) — (—a)) initial proposition

6 Modal

6.1 Definitions

not (—A) expanded to (—A)

box (OA) expanded to (OA)

or (AV B) expanded to (A V B)

and (A A B) expanded to (A A B)

impl (A — B) expanded to (4 — B)

equ ((A— B)A (B — A)) expanded to (A — B) A (B — A))
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notbox (—(0(—A4))) expanded to (—(0(—A)))

6.2 Axioms

axioml ((A — B) — ((B— C) — (A — ())) expanded to (A — B) — ((B —
C)—(A4—0))

axiom2 (A — (A V B)) expanded to (A — (AV B))

axiom3 (B — (A V B)) expanded to (B — (AV B))

axiom4 (A — C)— ((B—C) — ((AV B) — (C))) expanded to ((4A — C) —

(
(B — C) — (AV B) — C))
axiomb ((A A B) — A) expanded to ((AA B) — A)
axiom6 ((A A B) — B) expanded to ((AA B) — B)
axiom7 ((C — A) — ((C — B) — (C — (A A B)))) expanded to ((C — A) —
((C — B) — (C— (AN B)))
axiom8 ((A — (B — C)) — ((AAB) — C)) expanded to (A — (B — () —
(AN B) - C)

axiom9 (((AAB) —» C) — (A — (B — ())) expanded to ((AAB) — C) —
(4— (B—C)))

axiom10 ((AV (—A)) — B) expanded to ((AV (-A)) — B)

axiom1l ((A — (AA(—4))) — (=A)) expanded to (A — (AA(—A))) — (mA))
axiom12 (A V (—A)) expanded to (A V (—A4))

axiom13 (((OA) A (OB)) — (O(A A B))) expanded to (((DA) A (OB)) —
(O(AA B)))

axioml14 ((OA) — A) expanded to ((OA) — A)

axiom15 ((0A) — (O(0A))) expanded to ((0A) — (O(0A)))

axiom16 (O(A V (—A))) expanded to (O(AV (=A)))

6.3 Theorems

theoreml: (((¢a) — (Ob)) — (¢ — b)) expanded to (((—(O(—a))) —
(30b)) — (a — b))
1. ((AV (mA)) — B) add proposition axiom10
2. ((AV (=A) — (-(O(=a))) — (Ob)) — (a — b))) substitute B with
((=(B(=a))) — (Bb)) = (@ — b)) in 1
3. (AV (—A)) add proposition axiom12
4. (((=(O(=a))) — (Ob)) — (a — b)) modus ponens 2 and 3
5. ((=(O(=a))) — (Ob)) — (a — b)) initial proposition
(a — (©a)) expanded to (a — (=(0O(—a))))
(AV (-A)) — B) add proposition axiom10
)) — (a — (=(0O(—a))))) substitute B with (a — (—(0(—a)))) in 1
V (—A)) add proposition axiom12
— (=(0(—a)))) modus ponens 2 and 3
— (=(8(—a)))) initial proposition

theorem3: ((Oa) — (Ca)) expanded to ((Oa) — (—(0O(—a))))

1. ((AV (=A)) — B) add proposition axiom10
2. ((Av(—=4)) — ((Qa) — (=(O(—a))))) substitute B with ((Da) — (—(0O(-a))))
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add proposition axiom12
)))) modus ponens 2 and 3
(—a)))) initial proposition

0ooa
j
S

theorem4: ((O(aAb)) — ((Da) A (Ob))) expanded to ((O(aAb)) — ((Oa) A

((A V (-A)) — B) add proposition axiom10
( A)) ((O(aAb)) — ((Oa) A (OD)))) substitute B with ((O(aAb)) —

3 A)) add proposition axiom12
4. (( ( )) ((Da) A (Ob))) modus ponens 2 and 3
5 )) — ((Qa) A (Ob))) initial proposition

— ((©a) A (©b))) expanded to ((=(O(=(a AD)))) —

(-(O(a)) )

1. ((AV (=A)) — B) add proposition axiom10

2. ((AV (~A)) = ((=(O(~(a A b)) — (~(O(=a))) A (~(O(=5)))))) substitute
B with ((~(0(~(a 7)) — (=(0(=a))) A (~(D(=H))))) in 1

3. (AV (—A)) add proposition axiom12

4. ((=(B(=(anb)))) = ((=(B(=a))) A (=(B(=b))))) modus ponens 2 and 3

5. ((=(B(=(a b)) = ((=(B(=a))) A (=(B(=b))))) initial proposition

theorem6: ((¢(aVvh)) — ($a)) expanded to ((—(0(—(aVbd)))) — (=(O(—a))))
1. ((AV (-A)) — B) add proposition axiom10

. ((AV(=A)) = (=(O(=(aVb)))) — (=(3(=a))))) substitute B with ((=(0(~(aV
)~ () in 1

AV (—A)) add proposition axiom12

(=(8(=(a Vvb)))) — (=(3(-a)))) modus ponens 2 and 3

(=(3(=(a Vvb)))) — (-(O(—-a)))) initial proposition

heorem?7: (((Oa) Vv (Ob)) — (O(a Vv b))) expanded to (((Da) Vv (Ob)) —
O(a v b))

((AV (=A)) — B) add proposition axiom10

((AV (m4)) — (((Qa) v (Ob)) — (O(a V b)))) substitute B with (((Da) V
b)) — (O(aVvb)))in 1

(AV (—A)) add proposition axiom12

(((Oa) v (Ob)) — (O(a Vv b))) modus ponens 2 and 3

. (((@a) v (Ob)) — (O(a V b))) initial proposition

Sk WD N =
=
~

13



